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1. Introduction 



The notion of amenability for Banach algebras has received much attention since its 
introduction in the 1970s. If G is a locally compact group, a celebrated theorem of 
B. E. Johnson states that the convolution algebra L^G) is amenable if and only if G 
is an amenable group. 

£^ -convolution algebras may also be defined for general (discrete) semigroups: here 
the problem of characterising amenabihty of the algebra in terms of the underlying 
semigroup seems not to admit such an elegant answer. One family of semigroups where 
a complete characterisation has been known for some time is the class of semilattices. 
If S is a finite semilattice then its £^ -convolution algebra is amenable. Conversely, 
if S is an infinite semilattice, then by [H Theorem 10] cannot be amenable. 

A weaker notion than amenabihty is biflatness. In this paper we show that if L is 
a semilattice then is biflat precisely when L is "uniformly locally finite" (a notion 
that will be defined in due course). Our proof technique shows in passing that if 
is bifiat then it is isomorphic as a Banach algebra to the Banach space £^ (L) equipped 
with pointwise multiphcation (this latter algebra is in fact known to be biprojective, a 
property of Banach algebras that is in general stronger than bifiatness). 

Remark. The original motivation for the work done here was somewhat indirect. In 
the article [2] it was shown that for every semilattice S the algebra is simplicially 
trivial, that is, has vanishing simplicial cohomology in degrees 1 and above. Since every 
bifiat Banach algebra is simphcially trivial (see e.g. [3^ Propn 2.8.62]) it is natural in 
light of [2] to enquire just when is bifiat. 

Overview of this article. We have tried to make this article reasonably accessible 
to both functional analysts and semigroup theorists. To keep our account to a reason- 
able length we have omitted several routine proofs which can instead be found in the 
references cited. 

After some prehminary material, in Section [3] we make some elementary observations 
about norms of diagonals for finite-dimensional algebras. In Section H we speciahse 
to the case of the Schiitzenberger representation of a locally finite semilattice, and in 
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Section [5] we assemble these observations to state and prove our main results (Theorems 
ESandES]). 

We finish by sketching how one can extend or build on the calculations of this article 
to characterise bifiatness of the €^ -convolution algebra of a Clifford semigroup in terms 
of its set of idempotents and its group components. The precise formulation is in 
Theorem 16.11 While this result generahses those for the semilattice case, we feel it is 
clearer and more natural - at least in our approach - to prove the special case first and 
then deduce the general case. 



General notation. We use | | to denote the cardinality of a set. If E is a (complex) 
vector space and F a vector space of hnear maps E — > C, we denote the corresponding 
pairing F x E — > C by ( , ): thus given x G E and ij) G F we write (ij;, x) rather than 



The partial order on a semilattice. 

Definition 2.1. Recall that a semigroup S is said to be a semilattice if it is commuta- 
tive and each element of S is idempotent. The canonical partial order on a semilattice 
S is given by 



We recall for later convenience that the greatest lower bound or meet of two elements 
s, t G S, with respect to this partial order, is nothing but their product st. In particular, 
a minimal element of the partially ordered set (S, ^) is nothing but a zero element of 
S, i.e. an element 6 satisfying xQ = Q = Qx for all x G S. 

Notation. If (P, ^) is a partially ordered set we let 

Mp:={y G P : y ^x} 

We shall sometimes drop the subscript and write (x] if it is clear which partially ordered 
set we are referring to. 

Definition 2.2. Let P be a partially ordered set and let D C P. We say that D is a 
downwards- directed set or downset in P if it has the following property: 

if X G D, y G P and y ^ x then y G D 

The following observations are immediate from the definition of the canonical partial 
order. 

Lemma 2.3. Let S be a semilattice, equipped with the canonical partial order. If 
x,y G S then x if and only ify divides x, i.e. if and only if there exists z G S 
with X = yz. Hence for each f G S, (fls = fS = Sf is just the ideal generated by f . 



2. Definitions and preliminaries 
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More generally, any downset in S is an ideal in S, hence is in particular a 
subsemigroup ofS. 

We are interested in how the structure of a semilattice S is reflected in properties of 
its -convolution algebra, which will be denoted throughout by As- (Recall that As 
is the Banach algebra obtained by completing the semigroup algebra CS with respect 
to the £^-norm; see [U Example 1.23] or [3, Example 2.1.23(v)] for further details). 

Notation. The canonical basis vectors in .As will be denoted by (es)sGS, where eg is 
the function S — ) C that is 1 at s and everywhere else. 

By definition of the convolution product in As, ^s^x = est for all s,t G S. 

Bifiatness and amenability for Banach algebras. Most of the background on 
Banach algebras, modules and tensor products that is needed may be found in [1]: in 
particular if X and Y are Banach spaces we denote their projective tensor product by 
X(8)Y. We differ from the notation in [Ij slightly in that we denote the dual of a Banach 
space E by E'; similarly if f : E — > F is a bounded linear map between Banach spaces 
then the adjoint map F' — > E' will be denoted by f (This follows the notation in [3j 
for instance.) 

To avoid cumbersome repetition, we adopt the convention that if X, Y are Banach 
A-modules, an A-module map from X to Y will always mean a bounded linear map 
X — ) Y which respects the A-action. 

Notation. If A is a Banach algebra then the hnearised product map n : AigiA — > A is 
defined by 

7t(a(g)b) := ab (a,b G A) 

Although we shall not need to consider amenability in any detail, we shall in proving 
our main result make use of the notion of a virtual diagonal. 

Definition 2.4 (see [H §43]). Let A be a Banach algebra: then A and A^A, and hence 
their respective second duals, may be regarded as A-bimodules in a canonical way. A 
virtual diagonal for A is an element M G (A® A) " with the following properties: 

• aM. = Ma 

• a7T"(M) = a = 7t"(M)a 
for all a G A. 

A Banach algebra with a virtual diagonal is said to be amenable. 

The notion of bifiatness is perhaps less well-known than that of amenabihty. There 
are several equivalent characterisations of bifiatness for Banach algebras; we shall use 
the following one. 
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Definition 2.5 (cf. [8^ Exercise VII. 2. 8]). Let A be a Banach algebra. A is biflat if 
there exists an A-bimodule map a : A — > (A(g)A)" such that the diagram 

A ^ (AgA)" 



A" 

commutes, where k : A — > A" is the natural embedding of A in its second dual. 

Given C > 1 , we say that A is C-biflat if the map a can be chosen to have norm less 
than or equal to C. 

Remark 2.6. If A is biflat and unital, with identity 1, then it is easily checked that 
cr(l) is a virtual diagonal for A; in particular, A is amenable. 

We shall not discuss the precise connection between amenability and bifiatness here. 
However, the following example will play a key role in what follows. 

Example 2.7 (Example of a non-amenable, biflat Banach algebra). Let O be any 
set and let (6a,)cuea denote the standard basis of ^^(0). We may equip t'^{D.) with 
pointwise multiphcation, i.e. 

[' 6oc if a = |3 
I otherwise 



6„5 



P 



This makes ^^[0.) into a Banach algebra, which will be denoted throughout by P(n). 

We daim that this Banach algebra is biSat: indeed, the map cr : P{D.) (P(0)®P(a))" 
defined by 

a(6a,) := 6co <X) 6cu (tu G O) 
satisfies the properties required in Definition 12.51 On the other hand, if O is infinite 
it is well-known that P(0.) cannot be amenable (as it has no bounded approximate 
identity; see [3, Theorem 2.9.65 and Example 4.1.42] for details). 

Remark. The argument above shows that P(0.) is in fact a biprojective Banach alge- 
bra: that is, the map a in the definition of bifiatness can be chosen to take values in 
P(a]®P(a) C (P(a)iP(a))". We shall not discuss biprojectivity in this article. 

Properties of £\ It is evident from the definitions above that a concrete picture of 
the ^s-bimodule AsiSiAs will be helpful for our investigations. Since the underlying 
Banach space of is we pause to recall some trivial but useful observations about 
£^ -spaces. 

Remark 2.8. If X is a non-empty subset of Y then we may identify ^^(X) with a 
closed, complemented subspace of ^^(Y), namely the space of all elements of ^^(Y) 
whose support is contained in X. We may go on to identify the bidual ^^X)" with a 
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closed complemented subspace of r(Y)", namely the annihilator of £°°(Y\X) viewed 
as a subspace of (Y). 

If X and Y are two sets then it is well known that there is an isometric hnear iso- 
morphism £^ (X)§£^ (Y) i\XxY): see e.g. O Examples 2.1.24]. Thus the underlying 
Banach space of ^s'^.As is £^(S x S), and the bimodule action on £^5 x S) is uniquely 
defined by requiring that 

• e(s_t) := e(xs,t) and e(s_t) • := ei^sM) (s,t,x G S) 

and extending by linearity and continuity. 

In what follows we shall repeatedly use the following well-known observation, without 
further comment: 

Fact. Let E be a Banach space, let O be a set and let T : — ) E be a bounded 
hnear map. Then 

||T|| = sup ||T(6a))|| 
weci 

where i^w)weci is the canonical unit basis of i^(Cl). Conversely, if f : O — ) E is a 
bounded function, there exists a unique bounded hnear map f : ^'^{O.) — > E which 
satisfies 

f(6a,) = f(cu) for all tu G Q. 

The proof of this observation needs only the triangle inequality and the definition 
of the £^-norm, and is left to the reader. 

3. Isomorphism constants and diagonals in the finite dimensional setting 

Definition 3.1. Let A be a complex algebra, and let tt : A A — > A denote the 
hnearisation of the product map. An element A G A (g) A is called a diagonal for A if 

• a • A = A • a 

• 7T(A)a = a = a7T(A) 

for all a G A. 

Remark. If A is a finite-dimensional amenable Banach algebra, then any virtual diag- 
onal for A is in fact a diagonal for A (since (A(S)A)" = A (g) A). 

Let O be any finite set and equip the vector space with pointwise multiplication. 
Then C'^ has a urziquil] diagonal, namely A<d = (E> 6i where 6x denotes the 

standard basis vector in corresponding to the element x G O. 

Suppose furthermore that A is another complex algebra and that we have an algebra 
isomorphism a : — > A. Then A has a unique diagonal A := ^xeo '''^(^x) ^ a(Sx). 

'Uniqueness is easily checked by solving the identities 6jM = M6j for j £ O and 7t(M) = ^^gQ 
where M is a O x O matrix. In this context n corresponds to 'restriction of a matrix to its diagonal 
entries'. 
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Pick a basis for A, say {ei : i G 1} for some index set I. Suppose also that with 
respect to the bases {6x1 and {ej the hnear map a has a real-valued matrix, i.e. 

sei 

for some function M. : I x I ^ R. Then 



,x e.c 



D [^M(t,x)et) 
;,t)eixi Vxeo / 



xe<D V s6l 



(s,t)ei> 

We apply this as follows. Equip A with the £^-norm with respect to the basis {ei)i^i 
(this need not be an algebra norm on A, although in the cases of interest to us it will 
be). We then equip A A with the corresponding £^-norm (with respect to the basis 

(es et)s,tei)- 

There is then a crude lower bound 



(1) 



(s,t)GlxI 



Y_ M(s,x)M(t,x] 



XG<D 



SGI 



y~ M(s,x)M(s,x) 



xGO 



X^M(s,xr 



sGl xGO 



Therefore, if we equip with the £^-norm (with respect to the basis (6x)) we find 
using the Cauchy-Schwarz inequality that 

Hall = sup ||cx(5x)||i = sup ^ |M.(s,x)| 



xeo 



xeo 



SGl 



(2) 



< sup I 

xeo 



1 1/2 



XM(s,x]2j 

^SGI / 



1/2 



1/2 



<|I|i/2^^M(s,x)^ 

VxGO sGI / 
<|I|V2||A||V2 

We shall apply these general estimates below to the special case of the Schutzen- 
berger representation of a finite semilattice. The full definition will be given in the next 
section: we remark that in this case one has an algebra isomorphism Sch : Ai_ C^, 
and if in the above we take O = L, A = A]_ and a = Sch~^ then M turns out to be the 
Mobius function for L. 
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4. The Schutzenberger representation 

The calculations that follow are inspired by the presentation in [lT|, although our 
notation will differ slightly. We remark that the constructions in [11] are much more 
general than is needed for our work: most of what we need has been known for over 
30 years and goes back to results of Solomon (see also [6] for a concise account). 

Notation. If S is a semilattice we shall write S° for the underlying set of S. 

Definition 4.1. Let S be a semilattice equipped with its canonical partial ordering. 
We define a bounded linear map Schs : — > ^°°(S°] by 

Schs(et) := l(t]s (t e S) 

where Ix denotes the indicator function of a subset X C S°. 

Schs is the Schutzenberger representation of S. If it is clear which semilattice we 
are working with we shall occasionally suppress the S and simply write Sch. 

Crucially for what follows Schs is an algebra homomorphism (the easiest way to see 
this is to check that Schs(est) = Schs(es)Schs(et) for all s,t G S). See, e.g. [6j for more 
on the properties of Sch (at least for the case where S is a finite semilattice). 

Remark. In effect Sch represents the convolution algebra As as an algebra of functions 
on some carrier space. In this context, note that the Gelfand transform of As has the 
form ^s Co(S) where S is the space of characters on S. Now for any semilattice 
there is a canonical inclusion S° — S, giving us a "restriction map" £°°(S) — > £°°(S°); 
the composition 

— - Co(S) ^ r(s) — ► £°°(s°) 

is just Sch. 

Notation. We denote basis vectors in Co(S°) by 6x, for x G S: that is, 6x(t) is defined 
to be 1 when t = x and otherwise. 

Note that if L is a Unite unital semilattice then 

(3) Schj_(et) = ^ 6s (tGL) 

se(t]L 

and we may regard SchL an algebra homomorphism — > C^. A direct computation 
then shows that Schi_ is invertible, with 

(4) sch-i(5j= ^^(y.^)ey 

ye(x]L 

where ]i is the Mobius function for L. (For the definition and basic properties of the 
Mobius function of a locally finite poset, see [IHl §§3.6-3.7].) 
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Norm estimates for Sch : Ai_ — ) P(L°]. Note that since L is a finite semilattice it 
has a least element, which we denote by 9. We define a family of idempotents (Pt)tGL 
by 

ee if t = 9 



Y\ (et — Sx) otherwise. 



Pt 

xeL:x^t 

Proposition 4.2 (cf. (Bj Propn. 1.5]). Sch(pt) = 6t- 



The proof given in [5] of this identity leaves some of the details to the reader, and 
so for sake of completeness we give a full proof in the Appendix. In any case, all we 
need is the following easy consequence. 

Corollary 4.3. ||Sch"^|| < 2^^^-\ 

Proof of corollary. Let t G L: then by Proposition 14. 2[ 

||Sch-i(8t)|| = ||pt||< n l|et-ex!|=2lML-ll<2l^l-^ 

xgL:x^t 

Since t is arbitrary, maxt ||Sch^^(5t)|| < Z''^'^^ and the result follows. □ 

Thus ||Sch|| and ||Sch^^|| are controlled by the size of our finite semilattice L. Later 
on we shall need to know that they are also controlled by the norm of any diagonal in 
^Li this is made precise by the following result. 

Proposition 4.4. Let L be a finite unital semilattice, and suppose A\_ has a di- 
agonal with norm < C. Regard the Schiitzenberger representation Sch as a linear 
map from the normed space A\_ to the normed space P(L°). Then 

||Sch|| = |L| < C and ||Sch"^!|<C. 

Proof. We shall apply the estimates from the previous section with A = Ai_ and a = 
Sch^\ Since L is a finite semilattice, it is immediate from Equation ([3]) that 

||Sch|| =sup||Sch(et)|li =sup|(t]i = |(1l]| = |L| ; 

t6L t6L 

and by the estimate ([2]), ||Sch^^|| < |L|^/^C^/^. Therefore it remains only to show that 
|L| < C. But from the original bound ([1]) we know that 



C > ||A|1 >^yL{s,xf > 

s:<x xgl 



Since the Mobius function \i satisfies iJ.(t,t) = 1 for all t G L this concludes the 
proof. □ 
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5. Results 



We recall the following result of Duncan and Namioka, which will be needed later. 

Theorem 5.1 ([4, Theorem 10]). Let L be a semilattice. Suppose that Ai_ is 
amenable, i.e. possesses a virtual diagonal. Then L is finite. 

A partially ordered set (P, ^) is said to be locally finite if [x] is finite for each x G P. 
It is natural to then consider the following stronger notion. 

Definition 5.2. We say that a semilattice L is locally C-finite, for some constant 
C > 0, if |(f] I < C for all f G S. A semilattice which is locally C-finite for some C is 
said to be uniformly locally finite. 

Example 5.3. Some illustrative examples: 

(1) Every finite semilattice is uniformly locally finite. 

(2) Let t be a semilattice consisting of a zero element 9 and infinitely many or- 
thogonal idempotents, i.e. xy = Q = yx for all distinct x,y e E \{9}. Then E is 
locally 2-finite. 

(3) All uniformly locally finite semilattices have finite height, where the height of a 
partially ordered set is simply the supremum over all lengths of chains in that 
set. The converse is false: take the semilattice E from the previous example 
and adjoin an identity element to get a semilattice of height 2 which is not even 
locally finite. 

(4) Let (N,min) denote the semilattice with underlying set N and multiphcation 
given by (m, n) i— > min(m, n). Then the partial order on (N,min) is just the 
usual order on N; in particular (N, min) is locally finite but not uniformly locally 
finite. 

In view of Example (2) above, one might hope that a uniformly locally finite semi- 
lattice is close to being finite, apart from a possibly infinite set of maximal elements. 
The following example shows that things can be a little more comphcated. 

Example 5.4. Let S be the semilattice defined as follows: the underlying set is (N x 
{1,2]) U{9}, while multiplication is defined by taking 9 to be a zero element and setting 

C (r, 2) if m = 2r — 1 , n = 2r and i = j = 1 



The maximal elements of S are all those of the form (m, 1 ) for m e N; in particular S 
contains infinitely many non-maximal elements. On the other hand a quick calculation 
shows that S is locally 2-finite. 

Despite this variety of possible uniformly locally finite semilattices, it turns out that 
the €^ -convolution algebra of such a semilattice is determined up to isomorphism by 




9 otherwise. 
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the cardinality of the semilattice! This is a consequence of the first of our main results, 
which is as follows. 

Theorem 5.5. Let S be a locally C-finite semilattice, for some C > 1, and let 
Sch : — ^ ^°°(S°) denote the Schiitzenberger representation of S. Then: 

(i) ||Sch(a)||i < C||a|| for all a G As; 

(ii) Sch : As — > P(S°) is invertible, and 

||Sch-Hb)|| <2^-^||b||i for allb ^ P(S°) . 
In particular, As is bifiat (since P(S°) is). 

We thus obtain plenty of examples of semilattices S for which is bifiat. The 
thrust of our second main result is that these are aJl the possible examples. 

Theorem 5.6. Let S be a semilattice such that As is C-biflat for some constant 
C > 1 . Then S is locally C-finite. 

Also, if we regard the Schiitzenberger representation of S as an algebra homo- 
morphism Sch : As — > P(S°), then ||Sch^^|| < C. 

Before proving these results we record some lemmas. 

Lemma 5.7. Fix x G S. Then e^Ele^ G (A^s^A^s)" for all E. G (As^As)" ■ 

Proof. Let T = S\xS = S\ Sx. By Remark \T8\ we can identify £^ (xS x Sx)" with the 
annihilator (in £°°(SxS)') of£°°(TxT). Therefore it suffices to show that {e^Ele^, ijj) = 
for all Tj; G £°°(T X T). 

Since {e^Eley^, ij;) = (E, ex^e^) it suffices to show that ex^l^ex = for all t|; G £°°(T x 
T]. But by definition of the ^s-action on £°°(S x S), for every s G S we have 

(exi|^ex)s =4'xsx = 

since xsx G xS = S \ T and i]; is supported on T. □ 

Lemma 5.8. Let S be a semilattice and let Schg be its Schiitzenberger representa- 
tion. IfLCSisa downset in S, then Schs (^l) ^ ^°°(L°) where we view £°°(L°) as 
a subspace o/£°°(S°). Moreover 

SchL = SchsUL • 

Proof. This is immediate from the definition of the Schiitzenberger representation and 
Lemma EjI □ 

Proof of Theorem \5.5l Suppose that S is locally C-finite. If a = Hfgs '^f^f ^ -^s then 

||Sch(a)||i < Y_ |af|||Sch(ef)||i = Y_ laflKfll < C||a|| ; 
fes fes 

hence Sch takes values in £^(S°), and has norm < C when regarded as a hnear map 
from to l\S°). 
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Thus Sch : P(S°) is a well-defined, continuous algebra homomorphism. 

We shall now construct a bounded hnear map M : £^(S°) — ) which has norm 
< 2^^^ and which is a 2-sided inverse to Sch . If x G S° let 

M(6x) := (Sch(,])-i6, 

By Corollary 1131 

||M(6x)|| < 2lWI-^ < 2^-^ for all x G S°; 

thus M extends to a bounded linear map £^(S°) — > As which has norm < 2*-^^ For 
any x G S° we have (using Lemma [5?8]) 

SchM(8J = Sch(SchM)-i5^ = Schw(SchM)-i5^ = 5^ ; 

thus by hnearity and continuity M is right inverse to Sch. 

It remains to show that M is left inverse to Sch. Let f G S: then for any x such that 
X ^ f we have (x] C (f], and so by Lemma [5?8] the restriction of Sch^^J to P((x]°) is just 

Schj^j. Hence (appealing again to Lemma ES) we have 



MSch(ef) = m[ '^sJ = Y_ (Sch(,])-V6,] 
vxe(f] / xe(f] 

= _^(Sch(fl)-^6J 

xe(f] 



(Schjfl; 




Sch(f]) Sch(f](ef) = Cf . 



By linearity and continuity we deduce that MSch(a) = a for each a G and this 
concludes the proof. □ 

Remark. We could have shortened the proof shghtly if we had known beforehand that 
Sch is injective (since then it suffices to show that the map M is a right inverse to Sch, 
without explicitly showing it is also a left inverse). It would be interesting to know for 
which semilattices the Schiitzenberger representation is injective. 

Proof of Theorem ] 5. 61 Suppose is C-bifiat: then there exists an ^s-bimodule map 

a : As ^ {As(E)As) " such that n"a = k and ||a|| < C. 
Fix f G S. Then for all x G S, 

a(efx) = o-(efexef) = efO-(ex)ef 

so by Lemma [521 a(efx) G ■ Recall that (f] is a unital semilattice and a 

subsemigroup of S. Hence the restriction af of a to A[i] is an ^(f]-bimodule map with 
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values in [A^-f](^A^i])" , which makes the following diagram commute: 

Afl — - — ^ iAn^Af])" 




Since e-f is an identity element for A{f], o'f(ef) is a virtual diagonal for A[f] (see 
Remark [2?6l) . By Theorem 15.11 we deduce that (fl is finite, and so crf(ef) is a diagonal 
for A(-f]. As ||af(ef)|| < j|o-|| < C, we see from Proposition 14.41 that Kfll < C. This holds 
for all f e S and thus S is locally C-finite. 

As in (the proof of) Theorem [53] we deduce that Sch is an algebra isomorphism from 
onto P(S°); to finish it is enough to show that the map M defined in the proof of 
Theorem 15.51 in fact has norm < C. But since by definition 

M(6J:=(Sch(,])-i6, (xgS°), 

Proposition [O] implies that ||M(6x)|| < C for all x G S°, and hence ||M|| < C as 
required. □ 



6. A SKETCH OP AN EXTENSION TO CLIFFORD SEMIGROUPS 

We have seen that methods from the representation theory of (locally) finite semi- 
lattices are useful for studying the €^ -convolution algebras of such semigroups. One 
natural next step is to use the more general machinery for representations of finite 
semigroups to attack the question of bifiatness for €^(S) for various classes of S, in 
particular when S is an inverse semigroup (cf. the techniques in [II]). Originally it 
was planned to address this in future work; the author has since been informed by F. 
Habibian [7J that he is working on the same problem from a different approach, and so 
the author's preliminary calculations will not be submitted for pubhcation. 

It nevertheless seems worthwhile to sketch how the methods of this paper adapt 
to the case of Clifford semigroups. We therefore conclude this paper with a rapid 
account and direct the reader to the aforementioned work of Habibian for results on 
more general inverse semigroups. Details will be omitted in several places. 

Notation, preliminaries. Let G be a Clifford semigroup, L its set of idempotents, 
and G = U^^]_G{x) the associated decomposition of G as a strong semilattice of groups 
(see e.g. [9, Ch. 4] for basic definitions and properties). 

A basic fact which we shall use is that for each x e L, x hes in G(x) and is the 
identity element for G(x). We also need the fact that if e,f G L then Ge ■ Gf C Ggfj in 
particular the function q : G — > L defined by 



(5) 



q(Ge)={e} forallxGL 
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is a semigroup homomorphism. Note that the restriction of q to the embedded copy 
of L inside G is just the identity map, and that 

tq(t) = t = q(t)t forallteG. 

Our promised characterisation of the bifiatness of Ag is as follows. 

Theorem 6.1. Ag is biflat if and only if both the following conditions hold: 
[i) L is uniformly locally finite; 
[ii) G(x) is amenable for each x G L. 

Our strategy for proving Theorem 16.11 hinges on two main propositions ()6.2I and 16.31 
below). To state these results we introduce another Banach algebra built out of G, 
namely the £^-sum 

xgL° 

in which multiplication is defined 'componentwise' and multipHcation in the xth com- 
ponent is just given by the usual multiphcation in ^g(x)- 

Proposition 6.2 (cf. Theorem 15.51) . Suppose L is uniformly locally finite. Then 
there is a Banach algebra isomorphism from Ag onto Biq. 

Proposition 6.3 (cf. Example 12. 7p . Bg is biflat if and only if G{x) is amenable for 
all X G L. 

Before sketching the proofs of these propositions we show how they combine to yield 
Theorem [O 

Definition 6.4. Given a Banach algebra B and a closed subalgebra A, we say that A 
is a retract of B if there exists a continuous homomorphism B — > A which restricts to 
the identity on A. 

One can show by straightforward diagram-chasing that a retract of a biflat Banach 
algebra is also biflat (we omit the details). 

Proof of Theorem \6.1\ assuming Propositions 1 6. 2\ and \6.3[ Suppose that (i) and (ii) 
hold. By (ii) the Banach algebra Bg is biflat; and by (i) Ag is isomorphic as a Banach 
algebra to Bg, so is itself biflat. 

Conversely, suppose Ag is biflat. We claim that A\_ is also biflat. The simplest way 
to see this is to note that it is a retract of Ag'- a suitable homomorphism — > -^l 
can be deflned by et i— > eq[t), t G G, where q : G — ) L is the semigroup homomorphism 
deflned earher in Equation ([5]). 

Since is biflat, the main results of this article imply that L is uniformly locally 
flnite, so that (i) holds. Since (i) holds, by Proposition 16.21 Ag is isomorphic as a 
Banach algebra to Bg] hence by Proposition 16.31 every G(x) is biflat, so that (ii) holds 
as well. □ 
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Outline proofs of the key propositions. 

Sketch proof of Proposition 1 6. 3\. Suppose is bifiat. Let x € L: then ^g(x) is 
clearly a retract of Biq, and hence must itself be bifiat. It is known that the i^- 
convolution algebra of a discrete group is bifiat if and only if the group is amenable 
(see e.g. [8, Thm VII. 2. 35]), so G(x) is amenable. 

Suppose conversely that each group G(x) is amenable. As remarked just above this 
imphes that each ^g(x) is bifiat. In fact each ^g(x) is 1 -bifiat, i.e. there exist contractive 
>lG(x)-bimodule maps : ^g{x) (-4g(x)®-^g{x))" such that n"<j^ coincides with the 
embedding of ^g(x) into its double dual. One then defines a : Bq ^ [Bg(^Bi[;)" to be 
the £^-sum ('coproduct') over x of all the maps ax, and checks that it has the required 
properties as in Definition 12.51 □ 

We turn to the task of proving Proposition 16.21 The required isomorphism is given 
by a more general notion of Schiitzenberger representation which we outhne briefly. 
For any partially ordered set P define a bounded linear map Schp : (P) — ) (P) by 



(cl the definition in Section H] for the special case P = (L, ^)). 

Much of the formal calculation in previous sections survives in this more general 
setting. In particular, if P is finite then the formulas ([3]) and (jlj) remain vahd (with L 
replaced by P); and the proof of Theorem 15.51 goes through almost unchanged to give 
the following result. 

Proposition 6.5. Let P be a uniformly locally finite, partially ordered set, i.e. one 
where supxgpKx]p| < oo. Then Schp has range contained in i^(P), and in fact is a 
continuous linear isomorphism from ^^(P) to ^^(P). 

To apply this proposition we introduce the following partial order on G (which is a 
special case of a more general construction for inverse semigroups). Given s,t G G we 
declare that 



Note that L is a downset in (G, ^) and that the partial order induced on L coincides with 
its canonical partial order as a semilattice: thus the notation (L,^) is unambiguous. 

Recalling that t = tq (t) (see the earlier definition of the homomorphism q : G — > L) 
we find that for every t G G 



In particular, if the partially ordered set [L, ^) is locally C-finite then so is (G, :<). 

Sketch proof of Proposition 1 6. 2[ Suppose L is uniformly locally finite. By the obser- 
vation just made this implies G is uniformly locally finite; hence by Proposition 16.51 
Schc is a bounded hnear isomorphism from (G) onto itself Now by the definitions of 



Schp(et) = l(t] 



for each t G P 




(t]G={tf : f G (q(t)]^}. 
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Ag and Biq both have t'(G) as their underlying Banach space, so that we can consider 
Sch(G as a bounded hnear isomorphism from onto Bq. 

Therefore it suffices to show that Schc is an algebra homomorphism. We shall not 
give the details, but note that since Schc is known to be bounded linear it suffices to 
check the claim on the usual basis elements of Aq. □ 

This completes our outline proofs of Propositions [Ol and I6.2( and hence of Theorem 

An aside on ScHg for general Clifford semigroups. The following remarks are 
not needed for our proof of Theorem 16.11 but provide extra background. 

Recall that Schc : Ag — > [G) is a well-defined, bounded hnear map for any Clifford 
semigroup G, uniformly locally finite or otherwise. In general it does not seem possible 
to equip (G) with a Banach algebra structure with respect to which Sch is an algebra 
homomorphism. 

However, it turns out that Schc is in fact a bounded linear map taking values in the 
Banach space 

xeL° 

and the same calculation as for the uniformly locally finite case will show that when 
this £°°-sum is equipped with "componentwise" multiphcation, Schc is an algebra 
homomorphism. This justifies speaking of the Schiitzenberger representation 

ScHg : " Y\. ^GM 

xeL° 

for an arbitrary Clifford semigroup G, and generalises the case of finite Clifford semi- 
groups which is presented in [llj . 

The proof that Sche takes values in (G(x)) is an easy consequence of the 

fact that for any given t e G and x G L, (tic intersects G(x) in at most one point. This 
in turn follows from the following, more precise statement: 

Claim. Let t G G, f G L. If s G (tic n G(f), then s = tf. 

Proof of claim. Let t G G and recall that t G G(q(t)), tq(t) = t. 

Suppose s G (tie n G(f]. Since s ^ t there exists x G L with s = tx; hence 
s G G(q(t)) • G(x] C G(q(t)x). Since G(i) and G(j) are disjoint for distinct i, j G L we 
must have q(t)x = f. Therefore s = tx = tq(t)x = tf and the claim is proved. □ 
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Appendix A. Proof op Proposition 14.21 

We follow the outline in [5j, though our presentation is different. Recall that the 
idempotents pt are defined (for t G L) by 

( ee if t = e 

Pt = < ]^ (et - ex) otherwise. 

xeL:x^t 

and that we wish to show that Sch(ps) = 8^ for all s G L. The case s = 9 is trivial, so 
we shall henceforth assume that s >- d. 

If c G and s G L, we denote by Cg the coefficient of c with respect to the basis 
vector 65. 

To prove that Sch(ps) = 5s it suffices to show that: 

(i) [Sch(pJ]s = l 

(ii) [Sch(ps]]t = for every t G L \ {s}. 

We recall from the definition of Sch that given x, y G L 

f 1 if X < y 



[Sch(e 



xjjy 



otherwise. 



and that since Sch is an algebra homomorphism, [Sch(a]Sch(b)]t = [Sch(a]]t[Sch(b]]t 
for all t G L. 

Proof of (i). Expanding out the product that defines ps gives 

Ps = es + '^"^^ 

xeL:x-;s 

for some scalar coefficients Ax. Hence by the previous remarks 

[Sch(ps)]s = [Sch(eJ]s + Y_ Ax[Sch(ex)]s = 1 

x^w 

as required. □ 

Proof of (ii). Let t G L \ {s}. Then one of two cases must occur: 

• Case A. There exists y ^ s with t ^ y. 

• Case B. For all x ^ s, t ^ x. 

Suppose we are in Case A. Then Ps = b(es — e^) for some b G At, and so 

[Sch (ps)]t = [Sch (b)]t ( [Sch (es)]t - [Sch (e^ )]t) . 

But since t ^ y -< s, [Sch(es)]t = [Sch(ey)]t = 1; therefore [Sch(ps)]t = 0. 

On the other hand, suppose we are in Case B. We note that psCs = Ps- Now since 
st ^ t, the condition of Case B imphes that st 7^ s; hence st = s. Since we assumed 
that s / t this forces s -< t, and hence [Sch(es)]t = 0. Therefore 

[Sch(ps)]t = [Sch(p3)]t[Sch(es)]t = 0. 
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Thus for any t G L \{s} we have [Sch (ps)]t = 0, and the proof of (ii) is complete. □ 
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